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Abstract. We present the problem of computing the dispersion relation in the generic form of
a parameter dependent generalized eigenvalue problem–the wavenumber plays the role of this
parameter. By carrying out first order perturbation analysis in the spirit of Rayleigh, we obtain
an exact expression for group velocity from this eigen-sensitivity. The connection of the eigen-
sensitivity relationship with the stationarity of the Rayleigh’s quotient is explored. Illustrative
examples to demonstrate the idea are presented for a specific waveguide problem involving two
elastically coupled beams. Two numerical examples are given.
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1 INTRODUCTION
Wave propagation is fundamental to the understanding of response in many branches of
physics such as optics, acoustics, electromagnetism, elastodynamics, and geophysics. The prop-
agation behavior is characterized by the so-called dispersion relation which relates wavenum-
bers to the frequency for propagation. For a spatio-temporally harmonic wave, the relationship
between the wavenumber k and the admissible frequency of the wave ω can be symbolically
written as
ω = ω(k) (1)
which is also known as the dispersion relations. Often this relationship cannot be written in
an explicit form. The ratio cp = ω(k)/k is the phase velocity which is the speed of the phase
and it has very little physical significance. The velocity of physical interest is the group velocity
which is the gradient of the dispersion curves on the ω−k plane and is given by cg = ∂ω(k)/∂k
for each ‘branch’ of the dispersion curve. The group velocity is also known as the velocity of
propagation–the speed with which an approximately monochromatic wave packet travels. It can
be shown that important physical quantities such as energy, signal and information travel at the
speed of the relevant group velocity [1].
For elastic waveguide problems [2], (1) is calculated analytically, when possible, but for
many practical problems, one resorts to numerical calculations. If (1) is available for a set of
values of the wavenumber k sampled on the wavenumber axis, the relationship between the
group velocity and the wavenumber cg(k) has to be often calculated by numerically differen-
tiating (1) given data at a discrete set of points. This is not always very satisfactory. In this
paper, we present cg as an outcome of an appropriate eigen-sensitivity analysis. Having cast the
problem as a parameter-dependent eigenvalue problem, the eigenvalues and the eigenvectors
(eigenfunctions) become dependent on the parameter. In the present context, the wavenumber
plays the role of this parameter.
The sensitivity of eigenfunctions has not received much attention–this can be seen as rate of
change of the propagation mode with wavenumber. Despite this physical meaningfulness, the
practical usefulness of this quantity is an open issue.
The wave propagation problem presented here is limited to elastodynamics. The approach
is general and can be adapted to problems in other branches of physics by modifying the anal-
ysis appropriately to the relevant set of field equations. Apart from the simplicity, a reason of
choosing this example from the domain of elastodynamics is the highly dispersive nature of the
bending elastic waves.
This paper is organized as follows. We derive generic field equations suitable for elastic
waveguides and present the wave propagation problem in the form of a parameter dependent
eigenvalue problem in the next section. In section 3, we derive an eigen-sensitivity expression
from the dispersion relation to obtain an expression for the group velocity. We then relate the
eigen-sensitivity result to the stationarity of the Rayleigh’s quotient. In section 4, we present
some simple numerical examples to illustrate the theoretical development. Finally, we present
some concluding remarks in section 5.
2 FIELD EQUATION AND THE PARAMETER-DEPENDENT EIGENVALUE PROB-
LEM
The wave dynamics for conservative mechanical systems is governed by the classical La-
grangian L = T − U where the kinetic energy T and the potential energy U are given by the
2
Atul Bhaskar
following quadratic forms [3]
T =
1
2
〈ψ˙,Mψ˙〉 (2)
U =
1
2
〈ψ,Lψ〉.
Here ψ(r, t) is the vector of field variables as a function of the spatial co-ordinates r and time
t; M represents the inertia operator (usually a scalar for one field variable and a matrix for
a vector of field variables); L represents the stiffness operator (usually a linear differential
operator involving differetiation with respect to the relevant spatial co-ordinates for problems
with one field variable and a matrix of differential operators for problems with a vector of field
variables); and a dot represents differentiation with respect to time.
Note that we are not considering terms such in the kinetic energy such as 12〈ψ˙,Gψ〉, that are
linear in velocities, or terms such as 12〈ψ,Hψ〉 in the kinetic energy that are independent of
velocities. Such terms are often encountered while writing the equations of motion in a rotating
frame of reference or for elastic media that is convecting. The sensitivity of eigenproblems
resulting from such gyroscopic problems has been discussed elsewhere [4] in the context of a
design problem rather than wave propagation.
The field equations governing the propagation of elastic waves can be obtained by applying
Hamilton’s principle δ
∫ 2
1 Ldt = 0 where δ represents the first variation of the action integral.
The resulting partial differential equation can be expressed as
Mψ¨ + Lψ = 0. (3)
As a concrete example of propagation in the x-direction of a taught string M = m, the mass
per unit length of the string; L = T∂2/∂x2 where T is the tension in the string. For a beam,
L = EI∂4/∂x4 where EI is the bending rigidity of the beam. Reciprocity theorem ensures
that the operators L and M are self-adjoint. In addition, we assume that M is at least positive
semi-definite which follows from the non-negativity of the kinetic energy associated with the
operator.
For simplicity, we look into the cases with only one direction of propagation, so the problem
can be viewed as one of a waveguide. Equation (3) implicitly assumes that the inertia and the
stiffness effects are separable, i.e. there are no operators that involve differentiation with respect
to time and space simultaneously. This is again for simplicity and the treatment presented in
this paper can sometimes be adapted for the cases involving non-separable operators. When we
look for a propagating wave solution to equation (3) of the form
ψ(x, t) = ψˆ exp[i(kx− ωt)] (4)
the condition for having non-trivial solutions leads to the dispersion relation
D(k, ω) = 0 (5)
which relates wave number k to the corresponding admissible value(s) of the frequency ω.
This relationship is fundamental to the understanding of the propagation behaviour as it car-
ries information about the dispersion characteristics (i.e. how the wavespeed is related to the
wavenumber, for example); it is also essential in response calculations. When the relationship
(5) is analytically tractable, one obtains the group velocity as a function of the wavenumber by
direct differentiation. For most complex problems, this is not the case and one can compute the
dispersion relation ω(k) numerically and group velocity can be obtained by numerical differen-
tiation. In the next section, we develop an expression to obviate this numerical differentiation.
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3 GROUP VELOCITY FROM THE SENSITIVITY OF AN EIGENPROBLEM
Equations (3) and (4) result in the following eigenvalue problem
K(k)ψˆ = λMψˆ (6)
where λ = ω2 is the eigenvalue and ψˆ is the corresponding eigenvector. K is called the stiffness
matrix that depends on the wavenumber k; and M is the mass matrix. The frequency depen-
dence in (6) is explicitly ω2 since it is assumed that the only time derivative appears from the
acceleration terms. On the other hand, K(k) is a λ-matrix [7] which is a polynomial in the
variable k; the degree of the polynomial depends on the order of spatial derivatives in L. For
example, for the string problem,K(k) is quadratic in k whereas for beam problems, it is quartic.
For every prescribed value of the wavenumber k, one can solve the eigenprblem (6) for ω2
thus giving us the dispersion relation for any desired value of k. In this way, we can view the
eigenvalues and the eigenvectors λ and ψˆ as functions of k
λ = λ(k), ψˆ = ψˆ(k). (7)
Now consider a perturbed problem in the spirit of Rayleigh [5] when the wavenumber has
changed to a new value k → (k + ∆k). The analysis that follows here is on the lines of
the perturbation analysis presented in [4] which was carried out for gyroscopic systems in a
design context. We look for the corresponding change in the frequency ω → (ω + ∆ω) that
is admissible with assumed propagation (4) and satisfies (6) non-trivially. This means that we
are looking for changes along the dispersion curve when a small change in the wavenumber is
brought about. The admissibility requires equation (5) to change according to
D(k + ∆k, ω + ∆ω) = 0. (8)
This is equivalent to making the following changes to the eigenproblem (6)
ψˆ → (ψˆ + ∆ψˆ), K→ (K+ ∆K), λ → (λ + ∆λ) (9)
where K(k + ∆k) = K(k) + ∆K(k,∆k). Substituting these into (6) and neglecting second
order terms after expanding the products of the terms within the parantheses, we have
K∆ψˆ + ∆Kψˆ = λM∆ψˆ + ∆λψˆ. (10)
The change in the i-th eigenvector ∆ψˆi can be expanded in terms of the eigenvectors of the
original unperturbed problem ψˆj as
∆ψˆi =
∑
j
αjψˆj (11)
where αj is the weight given to the j-th modal contribution. Writing (10) for the i-th eigenvalue-
eigenvector pair λi, ψˆi and substituting from equation (11), we have
∑
j
αjKψˆj + ∆Kψˆi = λiM
∑
j
αjψˆj + ∆λiMψˆi. (12)
Reorganizing terms after recognizing that Kψˆj = λjMψˆj and pre-multiplying throughout by
ψˆ
T
i we have
ψˆ
T
i ∆Kψˆi =
∑
j
(λi − λj)αjψˆ
T
i Mψˆj + ∆λiψˆ
T
i Mψˆi. (13)
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The first term in the above equation is always zero since (λi−λj) = 0 for i = j and ψˆ
T
i Mψˆj =
0 when i 6= j due to the orthogonality of eigenvectors with respect to M. Recall that both K
and M are symmetric and M is at least positive semi-definite due to the previously assumed
adjointedness and definiteness of L and M– this is a requirement for the orthogonality.
After dividing both sides by ∆k and taking the limit ∆k → 0, we obtain the rate of change
of the i-th eigenvalue with respect to the eigenvalue as
∂λi
∂k
=
ψˆ
T
i (k) {∂K(k)/∂k} ψˆi(k)
ψˆ
T
i (k)Mψˆi(k)
. (14)
Recognizing that λi = ω2i and that the group velocity is given by cg,i = ∂ωi/∂k for the i-th
waveguide mode, we have
cg,i =
(
1
2ωi
)
ψˆ
T
i (k)(∂K(k)/k)ψˆi(k)
ψˆ
T
i (k)Mψˆi(k)
. (15)
This expression is exact despite the second order terms being ignored in equation (10) which
is usual while establishing differentials. Note that equation (14) is the Rayleigh’s quotient
associated with the matrix pencil (∂K/∂k,M) when ψˆi(k) is taken as the trial vector.
In the Lagrangian associated with the elastic wave propagation, the potential energy terms
usually involve quadratic of terms that are independent of, gradient of, or curvatures of the
basic field variables. This results in a general mathematical structure of the stiffness matrix as
a polynomial in wavenumber k. Further, because the elasticity operators are self-adjoint, the
govering field equations involve differentiation of the variables that are of even order. Therefore,
the stiffness matrix can be written as K(k) = K0 + k2K2 + k4K4 + . . .. Such polynomial
matrices are known as λ-matrices. The associated eigenproblem has been studied extensively
by Lancaster [6, 7].
Expressions for the rate of change of eigenvalues are known in the literature in other contexts
[8, 9]. For example in design problems with structural dynamic considerations, one needs to
know the rate of change of eigenvalues (and hence that of the natural frequencies) when a struc-
tural parameter is changed. The problem then is mathematically similar to the one discussed in
this section, however the meaning of the parameter is a quantity such as a length or thickness or
a material constant in those cases.
Equation (15) provides an exact expression for the group velocity in terms of the eigenvectors
of (6) and the derivative of K(k) with respect to k. Since K(k) is often a polynomial in k
with constant matrix coefficients, differentiation is a trivial operation. We do need to have
the eigenvectors ψˆi available, which is always the case after having calculated the dispersion
relation.
3.1 Eigensensitivity and the stationarity of Rayleigh’s quotient
The i-th eigenvalue of problem (6) can be expressed as a Rayleigh’s quotient associated with
the matrix pencil (K(k),M)
λi = ω
2
i =
ψˆ
T
i (k)K(k)ψˆi(k)
ψˆ
T
i (k)Mψˆi(k)
. (16)
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Figure 1: A sketch of a simple waveguide considered as an example. The two beams have only flexural degrees-
of-freedom. The coupling is provided by a distributed spring of stiffness α per unit length.
When we compare equations (14) and (16) we note that equation (14) is a differential of equa-
tion (16) with respect to the wavenumber k. Note that although the eigenfunction (the propaga-
tion mode) depends on the wavenumber, ie.. ψˆi = ψˆi(k), it appears that the differentiation of
(16) has taken been carried out while ψˆi were held constant! In the following we show that this
observation is consistent with the stationarity of Rayleigh’s quotient.
If we let k → k+∆k, the right side of (16) is a Rayleigh’s quotient associated with the matrix
pencil (K(k + ∆k),M) with ψˆi(k + ∆k) as the trial vector; the left side equals λi + ∆λi. We
could increment the wavenumber by an amount ∆k so that λi(k + ∆k) = λi + ∆λi. The
perturbed eigenfunction ψˆi(k + ∆k) differs from the unperturbed eigenfunction ψˆ(k) by an
amount ∆ψˆi. Writing λi + ∆λi as a Rayleigh’s quotient and asserting the stationarity of the
Rayleigh’s quotient, λi + ∆λi differs from a Rayleigh’s quotient associated with the operator
pencil (K(k + ∆k),M) with the trial vector corresponding to the unperturbed propagation
mode by an amount which is of the order of |∆ψˆi|
2 = 2|ψˆi| because of the well known result
that Rayleigh’s quotients are relatively insensitive to changes in the trial vector (in the sense that
if a trial vector is off an eigenvector associated with the pencil by an order , then the quotient is
off the corresponding eigenvalue by an order 2). Hence after replacing ψˆi(k + ∆k) by ψˆi(k),
we obtain the change in the eigenvalue as a quadratic form in terms of the change in the stiffness
matrix ∆K, the mass matrixM and the trial vector ψˆi(k) which is the unperturbed eigenvector.
The result (14) then follows. This argument still does not formally tell us why the trial vector
in (14) ought to be exactly ψˆi(k), namely the i-th eigenvector of (6). It, however, shows that
the stationarity property of the Rayleigh’s quotient is consistent with the observation that while
differentiating (16) the result is such as if ψˆi(k) is independent of k. The formal proof comes
from equations (6) through to (14).
4 AN EXAMPLE
Consider a simple waveguide which is made up of two beams in flexure coupled by a dis-
tributed spring as shown in Figure 1. The distributed spring is massless and has a stiffness per
unit length α. The Lagrangian for this problem, therefore, is
L = T − U =
1
2
∫
x
[
m1w˙
2
1 + m2w˙
2
2
]
dx−
1
2
∫
x
[
E1I1(w
′′
1)
2 + E2I2(w
′′
2)
2 + α(w1 − w2)
2
]
dx
(17)
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Figure 2: Dispersion curves (left) and the corresponding group velocity for the two propagation mode as a function
of the wavenumber k. In this case, E1I1 = E2I2 = 1,m1 = m2 = 1, α = 0.1. Note that the short waves (large k)
is dominated by the k4 term in equation (20).
where w1 and w2 are the transverse displacements of the two beams, m1,m2 are their mass
per unit length respectively, E1, E2 are the Young’s moduli of the material of the two beams
respectively, I1, I2 are the second moments of their cross-sectional area, and a prime repre-
sents differentiation with respect to the propagation direction x. Applying Hamilton’s principle
δ
∫ 2
1 Ldt = 0 and carrying out the variation in the usual way while integrating by parts with
respect to time t and position x as required, we have field terms involving the variations δw1
and δw2. Then asserting that the variations are co-terminus in space and time as well as arbi-
trary, we obtain a pair of coupled partial differential equations governing the wave propagation
problem for this waveguide. The boundary terms are unimportant for us at the moment. The
field equations are then given by
E1I1w
′′′′
1 + α(w1 − w2) + m1w¨1 = 0 (18)
E2I2w
′′′′
2 + α(w2 − w1) + m2w¨2 = 0.
Seeking spatially and temporally propagating wave solutions
w1(x, t) = W1 exp[i(kx− ωt)] (19)
w2(x, t) = W2 exp[i(kx− ωt)],
we have the following set of algebraic equations arranged in a matrix form
k4
[
E1I1 0
0 E2I2
]{
W1
W2
}
+
[
α −α
−α α
]{
W1
W2
}
= ω2
[
m1 0
0 m2
]{
W1
W2
}
. (20)
Note that this equation has the same generic form as (6). In this example, the left side of the
equation which representsK(k) depends on two terms that have the explicit dependence on the
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Figure 3: Dispersion curves (left) and the corresponding group velocity for the two propagation mode as a function
of the wavenumber k. Now this case, m1 = m2 = 1, E1I1 = 1.5, E2I2 = 1, α = 1.5.
wavenumber as being ∼ k4 and ∼ k respectively. Therefore,
K(k) = k4
[
E1I1 0
0 E2I2
]
+
[
α −α
−α α
]
;
∂K(k)
∂k
= 4k3
[
E1I1 0
0 E2I2
]
. (21)
Assume that these physical parameters have been appropriately non-dimensionalized. Con-
sider first the case when E1I1 = E2I2 = 1, m1 = m2 = 1, α = 0.1. The dispersion relation
ωi = ωi(k) is calculated for real specified wavenumber k as the non-trivial solutions of equation
(20). The results are shown in Figure 2(a). As expected, the dispersion curve has two branches.
In the long wavelength limit, one branch passes through the origin and it represents the si-
multaneous bending of the two beams such that the coupling spring is left undeformed. This
branch, therefore, must resemble the well known parabolic dispersion curve for beam bending
ω1 = k2. The group velocity is, therefore, given by cg,1(k) = 2k. The second branch shows a
cut-on (some authors prefer the term cut-off) on the frequency axis. This branch also becomes
ω2 ∼ k2 in the asymptotic limit of short waves. The plot of group velocity at the corresponding
points is shown for the two branches in Figure 2(b). These points have been calculated using
the eigen-sensitivity relationship (15). The parabolic branch in Figure 2(a) has the straight line
counterpart in Figure 2(b). The branch with cut-on frequency in Figure 2(a) corresponds to the
lower curve in Figure 2(b).
It is straightforward here to analytically calculate the group velocity; however for many
practical problems involving waveguides, this needs to be carried out numerically by differen-
tiating the curves in Figure 2(a). The problem is worsened when these curves intersect or come
close together (veer). This is because the order in which the eigenvalues are computed is not
consistent along the branches of the dispersion curves (hence the well known difficulty while
producing continuously joined curves as in Figure 2(a); most often they are left as a series of
closely spaced dots).
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As a second example, consider the properties of the two beams in Figure 1 as m1 = m2 =
1, E1I1 = 1.5, E2I2 = 1. The remaining parameters are left unchanged. The dispersion curves
now ‘veer’ against each other as shown in Figure 3(a). The group velocities are calculated again
according to equation (15) without direct numerical differentiation and are shown in figure 3(b).
Note that the curves of group velocity cross each other because the slopes are equal in the
vicinity of the veering point for the two branches. The short wave asymptotes are given by
switching off the k0 terms in equation (20) and this results in ω1 ∼ k2 and ω2 ∼
√
1.5k2. The
corresponding expressions for the group velocity are ω1 ∼ 2k and ω2 ∼ 2
√
1.5k respectively.
The top-right end of figure 3(b) which is calculated on the basis of equation (15) is consistent
with these expectations.
We chose a rather simple problem for illustrating the basic idea in order to use the eigen-
sensitivity expression (15). In many practical waveguide problems [10, 11], the general mathe-
matical structure remains the same as here but the details are likely to be more complex. Indeed
the analysis outlined in this work was used to calculate the group velocity of a structurally com-
plex waveguide for the problem of wave propagation in rails [12, 13], however, this aspect has
so far remained unpublished. An extended version of this work involving general sensitivity
expression for a two parameter eigenvalue problem will be published elsewhere [14].
5 CONCLUDING REMARKS
The problem of calculating the dispersion relation for elastic waves was generically pre-
sented as an eigenvalue problem. In practice, the calculation of group velocity following the
solution of this eigenvalue problem is to numerically differentiate the branches of the disper-
sion curves. This is often awkward to implement. As opposed to this, we present an expression
for the group velocity along different branches of a dispersion diagram in terms of the rate of
change of eigenvalues. This expression is exact and allows group velocity calculations point to
point. An example of a waveguide involving two elastically coupled beams was presented to
illustrate the idea.
Acknowledgement I thank Professor Jim Woodhouse, Cambridge University who in 1994 sug-
gested to me that equation (14) and the stationarity of the Rayleigh’s quotient may have a
connection.
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